In this paper, we introduce horizontal and vertical warped product Finsler manifold. We prove that every C-reducible or proper Berwaldian doubly warped product Finsler manifold is Riemannian. Then, we find the relation between Riemmanian curvatures of doubly warped product Finsler manifold and its components, and consider the cases that this manifold is flat or has scalar flag curvature. We define the doubly warped Sasaki-Matsumoto metric for warped product manifolds and find a condition under which the horizontal and vertical tangent bundles are totally geodesic. Also, we obtain some conditions under which a foliated manifold reduces to a Reinhart manifold. Finally, we study an almost complex structure on the slit tangent bundle of a doubly warped product Finsler manifold.
 1 
Introduction.
In the Riemannian or semi-Riemannian cases, the doubly warped product of Riemannian (semi-Riemannian) manifolds was studied by many authors [1, 6, 7, 8, 19] , and several application to theoretical physics were given. For instance in [7] , Beem-Powell considered this product for Lorentzian manifolds. Also, Allison considered causality and global hyperbolicity of doubly warped product and null pseudo convexity of Lorentizian doubly warped product in [1] .
This construction can be extended for Finslerian metrics with some minor restriction. In [2, 3] , Asanov gave the generalization of the Schwarzschild metric in the Finslerian setting and obtain some models of relativity theory described through the warped product of Finsler metrics. Then, Shen used a construction of warped of Riemannian metrics at the vertical bundle, and obtained a Finslerian warped product metric [18] . Recently, Kozma-Peter-Varga used the Finsler fundamental functions to define their warped product [10] . Then they studied the relationships between the Cartan connection of the doubly warped product manifold and components of it.
Let (M 1 , F 1 ) and (M 2 , F 2 ) be two Finsler manifolds with dimM 1 = n 1 and dimM 2 = n 2 and f 1 : M 1 → R + and f 2 : M 2 → R + be two smooth functions. Let π 1 : M 1 ×M 2 → M 1 and π 2 : M 1 ×M 2 → M 2 be the natural projection maps. The product manifold M 1 × M 2 endowed with the metric F : T M
where T M 2 defined above will be called the doubly warped product of the manifolds M 1 and M 2 and f 1 and f 2 will be called the warping functions. We denote this doubly warped by f2 M 1 × f1 M 2 . If either f 1 = 1 or f 2 = 1, but not both, then f2 M 1 × f1 M 2 becomes a warped product of Finsler manifolds M 1 and M 2 . If both f 1 and f 2 , then we have a product manifold. If neither f 1 nor f 2 is constant, then we have a nontrivial (proper) doubly warped product manifold This paper is arranged as follows: In section 2, we give some of basic concepts related to Finsler manifolds. In section 3, we introduce the horizontal and vertical distributions on tangent bundle of a doubly warped product Finsler manifold and construct the Finsler connection on this manifold. Then, we prove that every C-reducible or proper Berwaldian doubly warped product Finsler manifold reduces to a Riemannian manifold. In section 4, for very two Finsler manifolds (M 1 , F 1 ) and (M 2 , F 2 ), we introduce the Riemmanian curvature of doubly warped product Finsler manifold ( f2 M 1 × f1 M 2 , F ) and find the relation between it and Riemmanian curvatures of its components (M 1 , F 1 ) and (M 2 , F 2 ). In the cases that ( f2 M 1 × f1 M 2 , F ) is flat or it has the scalar flag curvature, we obtain some results on its components. In section 5, the doubly warped Sasaki-Matsumoto metric G is introduced for the doubly warped product Finsler manifold. Then by using the Levi-Civita connection of this metric, we find some conditions under which HT M
• and V T M • are totally geodesic. In section 6, we obtain the Vaisman connection of Riemmanian foliated manifold (T M
• , F V , G) and show that it is a Reinhart space if and only if (M 1 , F 1 ) and (M 2 , F 2 ) are Riemannian manifolds. Finally, we define an almost complex structure on the slit tangent bundle of a doubly warped product Finsler manifold and show that this structure with the doubly warped Sasaki-Matsumoto metric construct an almost Hermitian structure. Then, we prove that (T M
• , G, J) is a Kählerian manifold if and only if the doubly warped horizontal distribution HT M
• is integrable.
Preliminary
Let M be a n-dimensional C ∞ manifold. Denote by T x M the tangent space at x ∈ M , by T M = ∪ x∈M T x M the tangent bundle of M , and by T M • = T M − {0} the slit tangent bundle on M . A Finsler metric on M is a function F : T M → [0, ∞) which has the following properties: (i) F is C ∞ on T M • ; (ii) F is positively 1-homogeneous on the fibers of tangent bundle T M ; (iii) for each y ∈ T x M , the following quadratic form g y on T x M is positive definite,
The family C := {C y } y∈T M • is called the Cartan torsion. It is well known that C = 0 if and only if F is Riemannian [5] [17]. For y ∈ T x M 0 , define mean Cartan torsion I y by I y (u) := I i (y)u i , where
jk is the inverse of g jk and u = u i ∂ ∂x i | x . By Deicke's Theorem, F is Riemannian if and only if I y = 0.
F 2 g ip y p g jq y q is the angular metric. A Finsler metric F is said to be C-reducible if M y = 0 [11] . Matsumoto proves that every Randers metric satisfies that M y = 0. Later on, Matsumoto-Hōjō proves that the converse is true too. It is remarkable that, a Randers metric F = α + β on a manifold M is just a Riemannian metric α perturbated by a one form β on M [25] .
For a Finsler manifold (M, F ), a global vector field G is induced by F on T M 0 , which in a standard coordinate (
∂ ∂y i , where
The G is called the spray associated to (M, F ). Then we can define B y :
The B is called the Berwald curvature. F is called a Berwald metric if B = 0.
M is a family of linear maps on tangent spaces, defined by
For a flag P = span{y, u} ⊂ T x M with flagpole y, the flag curvature K = K(P, y) is defined by
We say that a Finsler metric F is of scalar curvature if for any y ∈ T x M , the flag curvature K = K(x, y) is a scalar function on the slit tangent bundle T M 0 . If K = constant, then F is said to be of constant flag curvature.
Doubly Warped Nonlinear Connection
Let (M 1 , F 1 ) and (M 2 , F 2 ) be two Finsler manifolds. Then the functions 
Then by using (1 .1) and (3 .4), we conclude that
where
. . ∈ {1, . . . , n 1 }, α, β, . . . ∈ {1, . . . , n 2 } and a, b, . . . ∈ {1, . . . , n 1 + n 2 }. Now we consider the the spray coefficients of F 1 , F 2 and F as follows
Taking into account the homogeneity of both F By setting a = i in (3 .8), we have By plugging (i) of (3 .4) and (3 .19) in (3 .18) and using g ih g hj = δ i j , we have (3 .14). In a similar way, we can obtain (3 .15)-(3 .17). Now, we are going to consider V T M
• , the kernel of the differential of the projection map • . Then, using the functions introduced by (3 .14)-(3 .17), the nonholonomic vector fields are defined as follows
This make it possible to construct a complementary vector subbundle HT M
• , which is locally presented as follows
• is called the doubly warped horizontal distribution on T M • . Thus the tangent bundle of T M
• admits the decomposition
Definition 1. Using decomposition (3 .22) , the doubly warped vertical morphism
For this projective morphism, we have
From the above equations, we get (
This mapping is called the doubly warped vertical projective.
Definition 2. Using decomposition (3 .22) , the doubly warped horizontal projective
Definition 3. Using decomposition (3 .22) , the doubly warped almost tangent structure
Thus we result that J 2 = 0 and ker
Here, we introduce some geometrical objects of doubly warped Finsler manifold. In order to simplify the equations, we rewritten the basis of HT M
• and V T M
• as follows:
It is clear that T T M
The Lie brackets of this basis is given by following
With a simple calculation, we have the following.
Apart from G c ab , the functions F c ab are given by
, where
and
Proof. By using (3 .26), we obtain
Since g ij is a function with respect to (x, y), then by (3 .14) and (3 .20) we get
Interchanging i and j in (3 .34), gives us ∂g hi ∂y r .
Since g hi and g rs are 0-positive homogenous, then from the above equation we conclude that
∂g hi ∂y r = 0.
Therefore from (3 .37), we derive 
From (3 .38) and (3 .41), we get the following
Similarly we obtain
This completes the proof.
The local components of doubly warped Cartan tensor field of Manifold
From this definition, we conclude the following. 
. By using the Lemma 3, we can conclude the following. Proof. We define the Matsumoto doubly warped tensor M abc as follows:
ab and h ab = g ab − 1 F 2 y a y b is the angular metric. By attention to (3 .43) and the relations C ijk = f 2 2 C ijk and C αβγ = f 2 1 C αβγ , we obtain
Contracting (3 .44) with y j y k implies that ∂u α = 0 and consequently
∂u α = 0. Setting this equation in (3 .51) we derive B γ αβλ = 0, i.e., (M 2 , F 2 ) is Berwaldian. In the similar way, we can prove the converse of this assertion. 
Riemannian Curvature of a Doubly Warped Product Manifold
The Riemannian curvature of a doubly warped product Finsler manifold ( f2 M 1 × f1 M 2 , F ) with respect to Berwald connection is given by
For the definition of Berwald connection see [22] and [23] . Proof. By using (4 .58), we have
(4 .59) By using Corollary 3 and Lemma 2, we obtain
Interchanging i and j in (4 .60) implies that 
∂v µ ) and A (ij) denotes the interchange of indices i, j and subtraction.
Proof. By (4 .58), we have
By using (3 .27), we get
Since F k ij is a function with respect to (x, y), then by (3 .14) and (3 .20) we derive that
Interchanging k and l in (4 .70) implies that
By plugging (3 .27), (3 .28), (3 .30), (4 .70) and (4 .71) in (4 .69), we can obtain (4 .62). In the similar way, we can obtain this relation for another indices.
is Riemannian then the components of the Riemannian Curvature of M 1 are as follows:
is Riemannian then the components of the Riemannian Curvature of M 2 are as follows:
Proof. Since the proof of (ii) similar to (i), then we only prove (i). Let (M 1 , F 1 ) be a Riemannian manifold. Then g ij is a function of (x), only. Therefore we have M i jk = 0. Also, the function F i jk independent of (y). By using (4 .62), we conclude that
But we have
Hence the above equation rewritten as follows 
where K 1 is constant. Since gradf 2 is independent of (x), then it is a constant function on M 1 . The similar argument is hold, if (M 2 , F 2 ) is Riemannian and f 2 is constant on M 2 . Therefore we have the following corollary. By the corollaries 4 and 6, we conclude the following.
and M 2 is a flat manifold;
(ii) if f 2 is constant on M 2 , then M 2 has positive constant curvature K 2 ||gradf 1 || 2 and M 1 is a flat manifold.
The flag curvature of a Finsler metric which plays the central role in Finsler geometry, is called a Riemannian quantity because it is a natural extension of sectional curvature in Riemannian geometry. For a Finsler manifold (M, F ), the flag curvature is a function K(P, y) of tangent planes P ⊂ T x M and directions y ∈ P . The Finsler metric F is said to be of scalar flag curvature if the flag curvature K(P, y) = K(x, y) is independent of flags P associated with any fixed flagpole y [17] . By using (4 .76), the proof is completes.
Similarly, we have the following.
Theorem 6. Let (M 2 , F 2 ) be a Riemannian manifold and ( f2 M 1 × f1 M 2 , F ) be a doubly warped product Finsler space of scalar flag curvature λ 2 (x, u, y, v). Then (M 2 , F 2 ) has constant curvature K 2 if and only if 
to the T M • (see [13, 14, 15, 16] ). Now, let ( f1 M 1 × f2 M 2 , F ) be a doubly warped product Finsler manifold. Then the doubly warped Sasaki-Matsumoto metric can introduced as follows 
is locally expressed as follows: The Levi-Civita connection ∇ d induces a connection ∇ on V T M • , i.e., By using (i) of (3 .12), we derive 
